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Abstract 

A stratified sample design plays an important role in 

obtaining efficient estimators comparing with other 

sampling designs; it based on dividing the statistical 

population into independent and homogeneous 

subpopulations called strata. 

The determination of strata boundaries has 

interested role in obtaining efficient estimators, 

several strategies of strata formation were 

constructed, it is proved that the approximated 

frequency strategy  𝑪𝒖𝒎 𝒇∝ at  ∝ =
𝟏

𝟐
  is the most 

efficient method of strata formation, Serfling (1968). 

Several researches has discussed the development of 

this strategy through using different values of( ∝ ) , 

with different methods of sample allocations. 

This article aims to discuss the optimality of the 

stratified sampling according to approximated 

frequency strategy based on the study variable 𝒀 as 

a variable of strata formation,  by constructing 

formulas for the approximated variance of the 

stratified sampling mean, for different values of ∝  in 

the interval (0, 1),  using equal allocation, 

proportionate allocation , and ,Neyman allocation 

method.  

As a result, the article shows that at any value of ∝  

the value of the variance of stratified sample mean 

in both of Neyman and equal allocation are same.  

While the variance with Neyman allocation is less 

than the variance with proportional allocation. 

Therefore, it is recommended that the frequency 

strategy with Nyman allocation lead to more 

efficient estimator for population parameters than 

the proportional allocation method. 

 

Keyword: Stratified Sampling, Sample Mean, 

Frequency Strategy method, Sample Allocation, 

1. BACKGROUND OF STRATIFIED SAMPLE DESIGHN 

Of all the methods of sampling, the stratified sampling 

design is the most commonly used in surveys. In 

stratifies sampling, the population on 𝑁 units is sub-

divided into 𝑘 subpopulations called strata, the ith sub- 

population having 𝑁𝑖  units (𝑖 = 1,2,3, … . , 𝑘). These sub-

populations are non-overlapping so that they comprise 

the whole populations such that  𝑁1 + 𝑁2 + 𝑁3 + ⋯ +
𝑁𝑘 = 𝑁 

A sample is drawn from each stratum independently, the 

sample size within the ith stratum being  𝑛𝑖 (𝑖 = 1,2, … , 𝑘) 

such that   𝑛1 + 𝑛2 + 𝑛3 + ⋯ + 𝑛𝑘 = 𝑛 

The main objective of stratification is to give a better 

cross-section of the population to gain a higher degree 

of relative precision. In order to achieve this, the 

following points should be examined carefully: 

formation of strata, number of strata, and allocation of 

sample size within each stratum, Anderson, D.W., Kish, L 

and Cornell, R.G (1979).  

The strata should be non-overlapping and should 

together comprise the whole population. In addition, it 

should be done in such a way that strata are 

homogeneous within themselves, with respect to the 

characteristics under study. In many practical situations 

when it is difficult to stratify with respect to the 

characteristics under study, administrative convenience 

considered as the basis for stratification. 

 

1.1.Estimation of population Mean and variance 

 

Let 𝑖 denote for the stratum and 𝑗 for the sampling unit 

within the stratum. The following symbols refer to 

stratum 𝑖 , Daroga Singh (1986).  

𝑁𝑖 = total number of units in the population 

𝑛𝑖 = total number of units in the sample  

𝑊𝑖 =
𝑁𝑖

𝑁
   Stratum weight 
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𝑓𝑖 =
𝑛𝑖

𝑁𝑖
   Stratum weight 

 

Let 𝑦𝑖𝑗  be the value of the jth unit in the stratum 𝑖, then: 

𝑌̂̅𝑖 =  ∑
𝑦𝑖𝑗

𝑁𝑖

𝑁𝑖
𝑗    , is the stratum mean 

𝑦𝑖̅ =  ∑
𝑦𝑖𝑗

𝑛𝑖

𝑛𝑖
𝑗    , is the stratum sample mean 

𝑆𝑖
2 =  ∑

(𝑦𝑖𝑗−𝑦̅𝑖)
2

𝑁𝑖−1

𝑁𝑖
𝑗     , is the stratum variance  

V(𝑦𝑖̅) =  
𝑆𝑖

2

𝑛𝑖
 (1 − 𝑓𝑖)         (1.1) 

Suppose that the population of N units divided into K 

strata. The population mean per unit is as follows:  

𝑌̅ = ∑ ∑
𝑦𝑖𝑗

𝑁

𝑁𝑖
𝑗

𝑘
𝑖 = ∑

𝑁𝑖𝑌𝑖̅

𝑁

𝑘
𝑖 = ∑ 𝑊𝑖𝑌̅𝑖

𝑘
𝑖                 

An estimator 𝑦̅𝑠𝑡 for the population mean 𝑌̅ is: 

𝑦̅𝑠𝑡 = ∑
𝑁𝑖𝑦𝑖̅

𝑁

𝑘

𝑖

 

To obtain the sampling variance, we note that sampling 

is done independently in each stratum and, therefore 

𝑉(𝑦̅𝑠𝑡) = 𝑉 (∑
𝑁𝑖𝑦𝑖̅̅̅

𝑁

𝑘
𝑖 ) =  ∑ 𝑊𝑖

2𝑉(𝑦̅𝑖)
𝑘
𝑖         (1.2) 

Based on both equation (1.1) and equation (1.2), the 

variance of stratified sample mean formulated as follow  

𝑉(𝑦̅𝑠𝑡) =
∑ 𝑁𝑖(𝑁𝑖−𝑛𝑖)𝑘

𝑖 𝑆𝑖
2

𝑁2𝑛𝑖
=

∑ (1−𝑓𝑖)𝑘
𝑖 𝑊𝑖

2𝑆𝑖
2

𝑛𝑖
        (1.3) 

 

1.2. Methods of sample Allocation 

 

In stratified sampling, the allocation of the overall 

sample to different strata done by the consideration of 

three main factors, the total number of population units 

in the stratum (stratum size), the variability within the 

stratum, and the cost in taking observation per sampling 

in the stratum. A good allocation is one where maximum 

precision obtained with minimum resources. There are 

different methods of allocation of sample size to 

different strata in stratified sampling procedures, these 

are : Kish, L., (1995):  

 

Equal allocation: 

 

This is a situation of considerable practical interest for 

reasons of administrative or fieldwork convenience. In 

this methods the total sample n divided equally among 

all the strata, i.e. for the ith stratum  

𝑛𝑖 =  
𝑛

𝑘
 

By substituting this value of 𝑛𝑖 in equation (1.3), the 

variance of the sample mean will be:   

 

𝑉(𝑦̅𝑠𝑡)𝑒𝑞 =
𝑘

𝑛
 ∑ (1 − 𝑓𝑖)

𝑘
𝑖 𝑊𝑖

2𝑆𝑖
2        (1.4) 

 

Proportional Allocation 

 

This procedure of allocation is very common in practice 

because of its simplicity. When other information except  

 𝑁𝑖 , the total number of units in the stratum is available, 

the allocation of given sample of size 𝑛 to different 

strata is done in proportional to their sizes, i.e. in the ith 

stratum, 

𝑛𝑖 =  
𝑛𝑁𝑖

𝑁
   , or    (𝑓𝑖 = 𝑓 ) 

This mean that the sampling fraction is the same for all 

strata. It gives self-weighting sample by which 

numerous estimates can made with greater speed and 

high degree of precision. 

By substituting this value of 𝑛𝑖  above in equation (1.3), 

the variance of the sample mean will be 

 

𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝 =
(1−𝑓)

𝑛
∑ 𝑊𝑖

𝑘
𝑖 𝑆𝑖

2             (1.5) 

 

Nyman Allocation 

 

This allocation of the total sample size to strata called 

minimum- variance allocation. The allocation of the 

samples among different strata based on a joint 

consideration of the stratum size and the stratum 

variation. In this allocation, it assumed that the sampling 

cost per unit among different strata is the same and the 

size of the sample is fixed. Sample sizes are allocated by 

𝑛𝑖 =  𝑛
𝑊𝑖𝑆𝑖

∑ 𝑊𝑖𝑆𝑖
𝑘
𝑖

=  𝑛
𝑁𝑖𝑆𝑖

∑ 𝑁𝑖𝑆𝑖
𝑘
𝑖

 

 

The variance of the sample mean in this kind of 

allocation is as follow: 

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 =
1

𝑛
(∑ 𝑊ℎ

𝑘
𝑖 𝑆ℎ)

2
            (1.6) 

 

2.LITERATURE REVIEW 

 

The strata formation subject has been discussed by 

different researchers through finding approximated 

strategies serving the design of stratified sample, The 

most concentration of researches were on the optimum 

strata boundaries which lead to the minimum values of 

the variance of stratified sample mean, assuming that 

the sample size number of strata, and sample allocation 

method are identified.  
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The optimality of the sample size and the number of 

strata discussed by limited number of researchers 

Serfling (1968) and Singh. R (1971)  

Dalenius & Hodge (1959) , and Dalenius and Gurney 

(1951) discussed the segmentation of the population 

into strata through determining strata boundaries leads 

to minimum values of the variance of stratified sample 

mean  , by dividing the value of  𝐶𝑢𝑚√𝑓𝑥 , into equal 

parts assuming known number of strata and known 

sample allocation method , and the study variable has 

uniform probability density function.  

Sethi (1963) , Introduced approximated solutions to the 

strata boundaries when the study variables have normal 

distribution , and Chi square distribution , he considered 

these two probability distributions are standard and the 

distribution of any study variable can be approximated 

by one of these two distributions. 

Ghosh (1963), proposed a strategy for strata 

construction based on two stratification variables, he 

considered the measure of the stratification efficiency is 

the overall variance to the sample means, and the 

optimum stratification is the one, which produce 

minimum values of the overall variance. 

Raj, D. (1964) discussed the strata formation based on 

equal allocation, through theorem based on four 

different probability distributions; he concludes that 

when the number of strata is high the efficiency of the 

estimators based on this theorem become low. 

Hess, Irene (1966), introduce practical study to strata 

boundaries with implementation on data related to the 

health services in the skewed populations, he studied 

the selection of the stratification variable, allocation 

method, strata formation, and number of strata, through 

comparative study between four strategies, 𝐶𝑢𝑚√𝑓𝑥 

method, Sethi method, Ekman method, and Hurwitz & 

Madow method. 

 

3.STRATA BOUNDRIES BY OPTIMUM 

STRATIFICATION STRATEGY METHOD 

 

The optimum stratification strategy mainly aimed to 

determine the optimum strata boundaries (strata 

formation) which lead to minimum variances within 

strata. approximated stratification strategy  𝐶𝑢𝑚(𝑓∝) is 

the most common methods that have been used by 

different researchers,  , where 𝑓  is the density function 

of the study variable 𝑦  ,or the auxiliary stratification 

variable 𝑥  which has high correlation with  𝑦 , assuming 

sample size, number of strata, and sample allocation 

method,  are pre-determined. 

Dalenus &Hug 1959 proved that the approximated 

strategy  𝐶𝑢𝑚𝑓∝ , at =
1

2
 , is the most efficient method  

Suppose that 𝑓(𝑦) is the probability density function of 

the study variable 𝑌 in the domain  𝑎 ≤ 𝑦 ≤ 𝑏 , and the 

values 𝑦1, 𝑦2, 𝑦3, … , 𝑦𝑘−1 are the strata boundaries in the 

domain [a, b], then for stratum 𝑖 : 

𝑊𝑖 = ∫ 𝑓(𝑦)𝑑𝑦
𝑦𝑖

𝑦𝑖−1
                          

𝜇𝑖 =
1

𝑊𝑖

∫ 𝑦𝑓(𝑦)𝑑𝑦

𝑦𝑖

𝑦𝑖−1

 

𝑆𝑖
2 =

1

𝑊𝑖

∫ 𝑦2𝑓(𝑦)𝑑𝑦

𝑦𝑖

𝑦𝑖−1

− 𝜇ℎ
2 

At  𝛼 =
1

2
 , suppose that 𝐴 = ∫ √𝑓(𝑦

𝑏

𝑎
𝑑𝑦  is constant 

value in the domain of the density function𝑓, and  

𝐴𝑖 = ∫ √𝑓(𝑦 𝑑𝑦
𝑦𝑖

𝑦𝑖−1
 , then  𝐴 = ∑ 𝐴𝑖

𝑘
𝑖=1 . 

 

Assume that the values of  𝑓(𝑦) in the stratum 𝑖  , 𝑓(𝑦𝑖)  

is defined approximately by the mean value in the 

stratum,  

        

𝑊𝑖 = 𝑓(𝑦𝑖)(𝑦𝑖 − 𝑦𝑖−1) 

 

𝜇𝑖 =
(𝑦𝑖+𝑦𝑖−1)

2
 ,  

𝑆𝑖
2 =

(𝑦𝑖 − 𝑦𝑖−1)2

12
 

𝐴𝑖 = √𝑓(𝑦𝑖)(𝑦𝑖 − 𝑦𝑖−1) 

From formula (1.6), the variance of stratified sample 

mean with Nyman allocation method is given by:  

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 =
1

𝑛
(∑ 𝑊𝑖

𝑘
𝑖 𝑆𝑖)

2
=

(∑ 𝐴𝑖
2𝑘

𝑖=1 )
2

12𝑛
          (2.1) 

Minimizing the value of the variance in equation (2.1) is 

equivalent to minimizing the value of  ∑ 𝐴𝑖
2𝑘

𝑖=1  , since  

∑ 𝐴𝑖
𝑘
𝑖=1 = 𝐴 , and 𝐴 is fixed value,  ∑ 𝐴𝑖

2𝑘
𝑖=1   has minimum 

value, when values of 𝐴𝑖  are equal in all strata;  

 

𝐴𝑖 =
𝐴

𝑘
 ; 𝑖 = 1,2,3, … , 𝑘 

In other word, the optimum strata boundaries with 

Nyman allocation method attained through dividing the 

domain of 𝐶𝑢𝑚√𝑓(𝑦)  into 𝑘 strata, then the stratum 

boundary is given by;  

𝑦ℎ =
ℎ ∑ √𝑓(𝑦𝑘

𝑖=1

𝑘
   ; 𝑖 = 1,2,3, … , 𝑘 
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Approximated Minimum Variance for Stratified 

Sample Mean Based On Frequency Strategy Method 

 

Several researchers, Serfling (1968), Sethi (1963), Sing R 

& Sukhatme (1969), Al- Kassab &Al- Tauy (1994), and 

others developed this strategy through using different 

values of 𝛼, with different allocation methods. In this 

article, we shall construct general formula for the 

variance of stratified sample mean at any value of𝛼, for 

each method of sample allocation. 

 

3.1. Minimum Variance Estimation In Equal 

Allocation method 

 

Assume that  𝑦1, 𝑦2, 𝑦2 , … , 𝑦𝑁  , are independent 

population values of the random variable, with 

probability density function𝑓(𝑦), and; 

𝜑(𝑦) = ∫ 𝑓𝛼(𝑦)𝑑𝑦
∞

−∞
          (3.1) 

With a concentration in the interval [𝑎, 𝑏] where 𝑓(𝑦)  

out of this interval equal to zero with neglicable error, 

and the strata boundaries are 𝑦0 < 𝑦1 < 𝑦2, … < 𝑦𝑘−1, we 

have;  

𝜑𝑖(𝑦) = ∫ 𝑓𝛼(𝑦)𝑑𝑦
𝑦𝑖

𝑦𝑖−1
           (3.2) 

Assume that the value of 𝑓(𝑦) in the interval 𝑖 

approximated by its mean value Serfling (1968), then  

𝑊𝑖 = 𝑓(𝑦𝑖)(𝑦𝑖 − 𝑦𝑖−1)            (3.3) 

  𝜇𝑖 =
(𝑦𝑖+𝑦𝑖−1)

2
                        (3.4) 

𝑆2
𝑖 =

(𝑦𝑖−𝑦𝑖−1)2

12
                   (3.5) 𝑆𝑖

2 =
(𝑦𝑖−𝑦𝑖−1)2

12
 

The value of   𝜑𝑖(𝑦)   in equation (3.2) will be; 

 

𝜑𝑖(𝑦) = ∫ 𝜇ℎ
𝛼 𝑑𝑦

𝑦𝑖

𝑦𝑖−1
=  𝜇ℎ

𝛼(𝑦𝑖 − 𝑦𝑖−1)         (3.6) 

The variance of the stratified sample mean, with equal 

allocation method (ignoring the sample fraction𝑓) is 

given by; 1977 Cochran, 

𝑉(𝑦̅𝑠𝑡)𝑒𝑞 =
𝑘

𝑛
 ∑ 𝑊𝑖

2𝑆𝑖
2𝑘

𝑖=1        (3.7) 

 

By substituting the equations (3.3) and (3.5) in (3.7), we 

get; 

𝑉(𝑦̅𝑠𝑡)𝑒𝑞 =
𝑘

12𝑛
 𝜇𝑖

2(𝑦𝑖 − 𝑦𝑖−1)4           (3.8) 

 

This equation written in terms of  𝜑𝑖(𝑦) , as follows; 

𝑉(𝑦̅𝑠𝑡)𝑒𝑞 =
𝑘

12𝑛
 ∑ 𝜑

𝑖

2

𝛼(𝑦) (𝑦𝑖 − 𝑦𝑖−1)(4−
2

𝛼
)𝑘

𝑖=1    (3.9)   

The above equation has its minimum value, when 𝜑(𝑦)  

value is constant for all strata, under Lagrange multiplier 

restriction  𝜑(𝑦) = ∑ 𝜑𝑖
𝑘
𝑖=1 (𝑦)  , i.e.       𝜑𝑖(𝑦) =

𝜑(𝑦)

𝑘
 

Then the minimum variance of stratified sample mean 

according to optimum stratification strategy with equal 

allocation method will become  

𝑉(𝑦̅𝑠𝑡)𝑒𝑞 =
𝜑

2
𝛼(𝑦)

12𝑛𝑘
2
𝛼−2

  ;    0 < 𝛼 < 1          (3.10) 

 

3.2. Minimum Variance Estimation In Proportional 

Allocation method 

 

The variance of the stratified sample mean with 

proportional allocation method (ignoring the sample 

fraction𝑓) is given by; Cochran (1977) 

𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝 =
1

𝑛
 ∑ W𝑖𝑆𝑖

2𝑘
𝑖=1        (3.11) 

 

By substituting the value of  W𝑖 , 𝑆𝑖
2,  𝜑𝑖(𝑦) , from 

equations (3.2), (3.3), (3.5) respectively , in equation 

(3.11), we get the variance of stratified sample mean in 

terms of 𝜑(𝑦) as follows 

𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝 =
1

12𝑛
 ∑ 𝜑

𝑖

1

𝛼(𝑦) (𝑦𝑖 − 𝑦𝑖−1)(3−
1

𝛼
)𝑘

𝑖=1      (3.12) 

 

The above equation has its minimum value, when 𝜑(𝑦)  

value is equal for all strata, under Lagrange multiplier 

restriction  𝜑(𝑦) = ∑ 𝜑𝑖
𝑘
𝑖=1 (𝑦)  , i.e  𝜑𝑖(𝑦) =

𝜑(𝑦)

𝑘
 

By substituting the value of  𝜑𝑖(𝑦) , in equation (3.12) 

above, we get the minimum variance of stratified sample 

mean in proportional allocation as follows 

𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝 =
𝜑

1
𝛼(𝑦)

12𝑛𝑘
1
𝛼−1

       (3.13) 

 

3.3. Minimum Variance Estimation In Neyman 

Allocation method 

 

The variance of the stratified sample mean with 

proportional allocation method (ignoring the sample 

fraction (𝑓); is as follows; 

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 =
1

𝑛
(∑ 𝑊𝑖

𝑘
𝑖 𝑆𝑖)

2
        (3.14) 

By substituting the value of  W𝑖 , 𝑆𝑖
2, 𝜑𝑖(𝑦) , from 

equations (3.2), (3.3), (3.5) respectively , in equation 

(3.14), we get the variance of stratified sample mean in 

terms of 𝜑(𝑦) as follows 

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 =
1

12𝑛
 [∑ 𝜑

𝑖

1

𝛼(𝑦) (𝑦𝑖 − 𝑦𝑖−1)(2−
1

𝛼
)𝑘

𝑖=1 ]

2

    (3.15) 

 

This equation has its minimum value when 𝜑(𝑦)  value 

is equal for all strata, under Lagrange multiplier 
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restriction  (𝑦) = ∑ 𝜑𝑖
𝑘
𝑖=1 (𝑦)  , i.e  𝜑𝑖(𝑦) =

𝜑(𝑦)

𝑘
 , by 

substituting the value of 𝜑𝑖(𝑦) in equation (3.15) we get 

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 =
𝜑

2
𝛼(𝑦)

12𝑛𝑘
2
𝛼−2

     (3.16) 

Based on equations (3.10), (3.13), (3.16) , we compare the 

variance of the stratified sample mean between different 

methods of allocation; 

Since    𝑅1 =
𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦

𝑉(𝑦̅𝑠𝑡)𝑒𝑞
= 1 , 𝑘 ≥ 1  

Then; 

   𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 = 𝑉(𝑦̅𝑠𝑡)𝑒𝑞 , for all 0 < 𝛼 < 1 

On other side let; 

𝑅2 =
𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦

𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝
=

𝜑
1
𝛼

𝑘
≤ 1 ,  

Hence;  

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 ≤ 𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝 , for all  0 < 𝛼 < 1 , 𝑘 ≥ 1 

and 𝜑
1

𝛼 ≤ 𝑘. 

As a result, we conclude that the variance of stratified 

sample mean with Neyman allocation method has 

minimum variance than the proportional or equal 

allocation methods, for all for all 0 < 𝛼 < 1 

 

4.IMPLEMENTATION SECTION 

 

In this section, we shall discuss the variance of stratified 

sample mean in different allocation method, assuming 

that study variable 𝑌 has an exponential distribution 

function in the first case and normal distribution 

function in the other. 

 

a.Variance of Stratified Sample mean in 

Exponential distribution 

 

Assume that  𝑦1, 𝑦2, 𝑦2 , … , 𝑦𝑁  , are independent 

population values of the random variable  𝑌, which has  

exponential distribution with probability density 

function  𝑓(𝑦) = 𝜆𝑒−𝜆𝑥  , 0 ≤ 𝑥 ≤ ∞ , 𝜆 > 1, then 

𝜑(𝑦) = ∫ 𝑓𝛼(𝑦)𝑑𝑦
∞

−∞

= ∫ 𝜆𝛼𝑒−𝜆𝛼𝑥𝑑𝑦
∞

0

 

Or; 

𝜑(𝑦) =
𝜆𝛼−1

𝛼
 ;    0 < 𝛼 < 1             (4.1) 

By substituting the value of 𝜑(𝑦) (4.1) , in the equations  

(3.10), (3.13) ,and (3.16)  we get the values of the 

minimum variance of stratified sample mean in the 

different allocation methods as follows.  

𝑉(𝑦̅𝑠𝑡)𝑒𝑞 =
𝜆

2(𝛼−1)
𝛼

12𝑛𝛼
2
𝛼𝑘

2
𝛼

−2
   

𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝 =
𝜆

𝛼−1
𝛼

12𝑛𝛼
1
𝛼 𝑘

1
𝛼

−1
 

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 =
𝜆

2(𝛼−1)
𝛼

12𝑛𝛼
2
𝛼𝑘

2
𝛼

−2
 

For example, at  𝛼 =
1

2
 , we have; 

 

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 =  𝑉(𝑦̅𝑠𝑡)𝑒𝑞 =
4

3𝑛 𝜆2𝑘2
 

 

 While in proportional allocation the variance is; 

𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝 =
3

4𝑛𝜆𝑘
 

In the same manner, at  𝛼 =
1

3
 , we have; 

 

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 =  𝑉(𝑦̅𝑠𝑡)𝑒𝑞 =
243

4𝑛 𝜆4𝑘4
 

And;   

𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝 =
27

12𝑛 𝜆2 𝑘2
 

 

b. Variance of Stratified Sample Mean in Normal 

Distribution 

 

Assume that  𝑦1, 𝑦2, 𝑦2 , … , 𝑦𝑁  , are independent 

population values of the random variable  𝑌, which has  

normal distribution with probability density function 

  𝑓(𝑦) =
1

√2𝜋𝜎
𝑒−

1

2 (
𝑦−𝜇

𝜎
)

2

  , −∞ ≤ 𝑥 ≤ ∞  

 

the value of  𝜑(𝑦) is as follows  

 

𝜑(𝑦) = ∫ 𝑓𝛼(𝑦)𝑑𝑦
∞

−∞

= ∫
1

√2𝜋𝜎
𝑒−

1
2 (

𝑦 − 𝜇

𝜎
)

2

  𝑑𝑦
∞

−∞

 

Hence; 

𝜑(𝑦) =
(2𝜋)

1−𝛼
2

√𝛼
𝜎1−𝛼         (4.2) 

By substituting the value of 𝜑(𝑦) in equation (3.10), or 

(3.16) we get the variance of stratified mean in both 

equal and Neyman allocation method as follows  

 

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 =  𝑉(𝑦̅𝑠𝑡)𝑒𝑞 =
(2𝜋)

1−𝛼
𝛼 𝜎

2(
1−𝛼

𝛼 )
𝛼

−
1
𝛼

24𝑛𝑘
2
𝛼−2

     (4.3) 

 

In the same manner, the variance of stratified sample 

mean with proportional allocation method is given by 

substituting the value of 𝜑(𝑦)  in equation (4.2) into 

equation (3.14) to get; 
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𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝 =
(2𝜋)

1−𝛼
2𝛼 𝜎

(
1−𝛼

𝛼 )
𝛼

−1
2𝛼

12𝑛𝑘
1
𝛼−1

                   (4.4) 

 

 

For example at  𝛼 =
1

2
 , based on equations (4.3, (4.4) we 

have; 

 

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 =  𝑉(𝑦̅𝑠𝑡)𝑒𝑞 =
𝜋𝜎2

3𝑛𝑘2
 

And;  

 

𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝 =
√2𝜋𝜎

6𝑛𝑘
 

 

While at =
1

3
 , we have  

 

𝑉(𝑦̅𝑠𝑡)𝑁𝑒𝑦 =  𝑉(𝑦̅𝑠𝑡)𝑒𝑞 =
9𝜋2𝜎4

2𝑛𝑘4
 

 

And; 

 

𝑉(𝑦̅𝑠𝑡)𝑝𝑟𝑜𝑝 =
√3𝜋𝜎2

2𝑛𝑘2
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